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Abstract 

A new class of solutions to the Einstein-Maxwell equations is presented; it stands in the 
same relation to the Robinson & Robinson (1969) metrics as the Reissner-Nordstr6m 
solution to Schwarzschild's. 

The  a rgument  deve loped  in the previous  paper  (Rob inson  & Robinson ,  
1969, hereaf ter  referred to as RR)  can easily be extended to a s i tuat ion in 
which there is a source-free e lec t romagnet ic  field. As  before,  we assume tha t  
there  exists a vector  field k .  which is null,  geodetic,  shear-free and expanding.  
Here,  in addi t ion ,  we suppose  tha t  k .  is a pr incipal  null  d i rect ion of  the 
e lec t romagnet ic  field: 

ktaF~]c k c = 0 

F r o m  the first condi t ion ,  i t  fol lows tha t  we can const ruct  coord ina tes  
subject  to equat ions  (2.2) and  (2.3).5 The second condi t ion  shows that ,  in 
these coord ina tes ,  

F.b = Vkt.~,bl + 17kt.~,b I + (Q + O)ktalb l 

+ p2(Q _ Q) ~,t,,~,b] 

where Q, Q_., V, V are a rb i t ra ry ,  and  

l . d x  a := dp + Z d ~  + Z d ~  + S d 2  

Subst i tu t ing  into the grav i ta t iona l  equat ions  

Rab 2F.~ F q b 1 ~" L'qp = - -  ~ ' p q l  , N a b  

1" This work was supported in part by the Aerospace Research Laboratories, Office of 
Aerospace Research, United States Air Force, under Contract F33615-68-C-1675; Air 
Force Off• of Scientific Research, Office of Aerospace Research, United States Air 
Force, under AFOSR Grant No. 903-67; National Aeronautics and Space Administra- 
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:~ We follow the notation of RR, and cite equations from it by number, without further 
identification. 
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we find that five of the six main equations contain no electromagnetic 
terms. We thus retain (2.1)-(2.12) with only one qualification: S is no longer 
given by (2.7). Maxwell's equations 

FrS,s = 0, 

reduce to 
Q = (p + ig-2)-2q, 

v = v - (p + i~2) Q/l ,  

Firs, t] = O, 

0 = (p - i )-24 

= ~ - (p -- iO) 0/2 

where invariant derivatives are defined by (3.9), and q, ~7, v, ~ are functions 
of ~, ~ and cr subject to 

q2 + 2Aq = 0, ~l + 2A~ = 0, 

v2 + ~v + [exp (2u)q]3 = 0, vl + A~ + [exp (2u)4]3 = 0 

It follows from the last main equation that the squared line-element is 

ds 2 _ (pz + ~2)-1 q# ds  

where ds is defined by equations (2.1)-(2.12). The trivial equation is still 
satisfied identically; and the subsidiary conditions read: 

A = ~v, .4 = qg, B = �89 exp (-2u) vb, 

where A, A, B are formed from ds in accordance with (4.3) and (4.4). 
In the case 

v = ~ = 0 ,  

the subsidiary conditions contain no electromagnetic terms, and ds is 
therefore a vacuum line element. Writing the reduced electromagnetic 
equations as 

(p-2q)/2 = (p-Zq)/3 = (p-2~)/l = (p-2~)/3 = 0 

using (B.2), and assuming that qc7 r 0, we find that ds satisfies (5.1). This 
class of line-elements has been examined in RR: to complete the solution, 
we remark that 

q = ~(~) exp (-2u - 2 j" ~ d~), # = ~(~) exp (-2u - 2 S L d~), 

where the functions z(~) and g(() are disposable. For  each of the three 
cases considered in RR, we may write the last equations more concisely: 

q = e exp (--2u) I 1/2, 

for (5.10); 

q = e exp (--2u) J,z, 

for (5.14), (5.15); 

q = ~ exp (-2u) L z, 

for (6.4), (6.7). 

= ~exp (--2u) / 1/2 

= ~ exp (--2u) ar, l 

~7 = g exp (--2u) L 2 
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The relation of these solutions to the RR metrics is roughly the same as 
that of the Reissner-Nordstr/Sm solution to Schwarzschild's. Special cases 
have previously been given by Robinson & Trautman (1962), Newman, 
et al. (1965) and Debney, et al. (1969). 
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